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Abstract

Crawford has proposed that there is a complex geometrical structure in the poem Cleanness which
is determined by the location of twelve of the thirteen large decorated capitalsin the Nero A.x ma-
nuscript, together with the length of the poem. In support of this contention she noted eleven
equalities and symmetries in the relations between the line positions of the capitals, and claimed
that these relations were unique and would be destroyed if a capital was moved by asingle line.
Therefore she argued one hasto accept that the capitalswere placed deliberately and did not happen
by chance. The geometrical basisfor the structure was based on an identification of ratios of separ-
ations between the decorated capitals, with the Golden Ratio (0.618034), and with the diagonal of
the unit square (1.414214).

If thiswasindeed a structure imposed by the poet, then one would expect to see the structure reflected
in the subject matter. However, as others have noted, the locations of the decorated capitals do not
correlate at all convincingly with the logical development of the material in the text.

The conjecture of deliberate placement rests upon the claim of uniqueness of the positioning of the
decorated capitals. We have re-examined the proposal and find that the five of the eleven points
noted by Crawford are redundant; they are logically equivalent to combinations of the remaining
six. We also find that there are very many equivalent sets of capital placements determined by a
set of five arbitrary constants, which would also satisfy all the equalities, symmetries, and ratios
noted by Crawford. Taking into account the lack of significant contextual support for the placement
in the Nero A.x manuscript, we conclude that the capitals do not define a deliberate and complex
structure, and that there is a very reasonable probability (about 1 in 8) that they could have arisen
purely by chance.
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Architectonics of Cleanness Revisited

1. Preface

There is an apparently complex structure of the poem Cleanness arising from the location of the
large decorated capitalsin the Nero A.x manuscript. Eleven equalitiesand symmetriesintherelation
between the line positions of the capitals were identified by Crawford [CRAWFORD93]. It was
claimed that these rel ationswould be destroyed if acapital was moved by asingleline, and therefore
one hasto accept that the capitals were placed deliberately, and that their placement did not happen
by chance. Taken together with the approximate equival ence between ratios of separations between
the decorated capitals and the Golden Ratio and the diagonal of a square, it appears that the poem
exhibits avery precise, complex, and geometrical structure for the poem.

Significant narrative and thematic structure in Cleanness has been proposed, but thereislittle or no
correlation between this textual structure and that indicated by the decorated capitals, and oneis
left with two alternative explanationsfor this discrepancy, neither of which is particularly acceptable.

¢ The capitals were placed (by the scribe presumably) completely at random or at best with only
aminimal study of the text.

¢ The poet produced a very complex frame for his new work and then virtually ignored it when
he came to compose the poem.

This paper attempts to resolve this issue.
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Architectonics of Cleanness Revisited

2. Introduction

There are thirteen large, decorated capitalsin Cleanness, and Ms Crawford has demonstrated that
there are eleven repetitions and symmetries between twelve of them and the end of the poem. Two
of theserelations required the addition of afinal, virtual capital after the end of the poem at the non-
existent line 1813. Crawford insisted that “such a set of relationships could not happen by chance”
and that “these repetitions represent a unique structure which could not occurred if the paosition of
one of the decorated capital letters had been changed even by just oneling”, and indeed “ any change
in the location of the decorated capitals marking the intervals would spoil their precision”. Finally
Ms Crawford claims that “the decorated capital letters, aswell asthe final line count of the poem,
areinvolved in the production of repeating intervals, a circumstance suggesting that the manuscript
doesrecord anintentional plan”. Theimportance of the relativelocations of these decorated capitals
has been generally accepted, and Edwards [EDWARDS97] notes that “ Donna Crawford, in a subtle
and important study, has seen them as exemplifying the poem’s ‘ geometrical art’ because of the
various ratios that are revealed through the intervals between them”. Ms Crawford's paper and its
reception has left us with the impression that the location of the capitalsis deliberate, and that they
mark out a complex and unique structure in the poem.

Unfortunately there islittle evidence in the text of the poem that the placement of the decorated
capitals corresponds to significant textual structure. Gollancz [GOLLANCZ21], Menner [MEN-
NER20] used the decorated capital s to subdivide the poem into thirteen sections for the purpose of
presentation. LauritaHill [HILL46] pointed out that “four initials (1.345, 1.601, 1.781, 1.1357) come
at what corresponds to the beginning of chaptersin the Vulgate; threeinitials (1.485, 1.689, 1.893)
occur at sections which contain € aborations and other non-Biblical material; three come after
shiftsin Biblical story (1.193, 1.249, 1.1157); and one marks a transition from the story of Noah to
the story of Abraham (1.557)".

Spendal [SPENDAL 76] suggested that the decorated capitals mark off thematic rather than narrative
sections and was able to find plausible thematic matches for all the capitals. My worry is that one
can find other equally significant thematic breakswhich are not enhanced by |arge decorated capitals.

There have been two more systematic and extended studies of the narrative structure which do not
fit the locations of the decorated capitals too well. Spearing [SPEARING70] noted significant
primary narrative breaks at lines 205, 545, 601, 1049, 1149, and 1805 with secondary breaks at 49,
177, 235, 249, 781, 1069, 1109, and 1333. This matches one primary and two secondary breaks
out of fourteen; not aparticularly impressive successrate. Morerecently, in their definitive rendering
of the poems of the Nero A.x manuscript, Andrew and Waldron [ANDREWO2] find primary narrative
structure starting at lines 193, 545, 601, 1049, 1149, and 1805 with secondary structure starting at
lines23, 49, 235, 249, 677, 890, 973, 1001, 1157, 1333, 1651, and 1709 (1710-1804 isnot covered).
Two primary and two secondary hits out of 18. There is agreement between all of them that there
isaprimary break in the narrative at line 601, and a secondary break at line 249, but thisis hardly
supportive of the complex structure proposed by Ms Crawford.
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Architectonics of Cleanness Revisited

Spearing [SPEARING70] (p.43, footnote 2) perhaps summed up the general thought: “I think that
the scribe used decorated initials with intelligence, but somewhat freely and without making a very
close study of the parts into which the poemfalls’. Given this admittedly very loose correlation
between the positions of the decorated capitals and the content of the poem, how do we reconcile
it with the very precise structure proposed by Crawford. Without any doubt the location of the
decorated capitalsis primary evidence; they arethere, and any repetitions and symmetries between
them are present in the Nero A.x manuscript. But, do they define a unique and deliberate structure
imposed by the poet, or could they be just one of many different equivalent patterns: are there
other combinations of line positions which yield the same relations.

All the relationships noted above are dependent on line numbers (integers) al one and by themselves
do not support the geometrically inspired structure proposed by Ms Crawford. The argument for
the proposed geometric structure rests upon rather more uncertain evidence, that ratios of differences
between positions of decorated capitalsare closeto values of geometric significance. Unfortunately
these “values of geometric significance” are not simpleintegerslike line numbers, they are not only
fractional, but they are also be irrational, that is, they cannot be represented by ratios of integers.
We |eave discussion of this secondary evidence to a later section and concentrate firstly upon the
integral line positions as primary evidence.

We can question the insistence that the placement of these capitals constitutes a unique structure
that would be destroyed by moving even one capital by one line position. Isthererealy aneed for
the capitalsto be so exactly placed to generate the repetition and symmetries of the spaces between
them. If the location of the eleven capitals in Cleanness were totally independent and the only and
unique way to generate the repetitions and symmetries,then we would have to conclude along with
Ms Crawford that the locations were chosen deliberately and could not have arisen by a chance oc-
currence.” Furthermore, the eleven criteria cited by Ms Crawford should be sufficient to uniquely
define a set of eleven positions of the capitals: in mathematical terminology a set of eleven linear
equations in eleven variables has a single unique solution. The critical proviso here is that the
equations must be linearly independent - i.e. none of them can be derived from combinations of the
others. In this paper we demonstrate that the eleven criteria are not linearly independent, and that
very many other locations of the capitals exhibit exactly the same repetitions and symmetries, and,
finally, that the complex structure proposed could well have arisen by chance.

' If we were to allow the line positions of eleven internal capitals to change by plus or minus one, then the probability of
achieving the positions observed is 0.000005645 or about 177471 to 1 against them being positioned as they are by chance.
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Architectonics of Cleanness Revisited

3. Investigation

We start by replacing actual line numbers of the decorated capitals by symbols, indicating that they
arevariable. Asan example, we replace the line position of the sixth capital by the symbol “f”, so
that we can investigate the possibility of displacing that capital by +1, £2 etc. line positions on the
relations noted by Ms Crawford. The positions of all the thirteen capitals and the end of the poem
are now represented by the symbolsa, b, ... n.

a b c d e f g h [ ] k I m n
1 125 193 249 345 485 557 601 689 781 893 1157 1357 1813

Subject to the condition:
a<b<c<d<e<f<g<h<i<ij<k<]l<m<«<n

Of the 14 possible locations, 2 are effectively fixed, the start and end of the poem at 1 and 1813 re-
spectively, and since Crawford recorded nothing about the capital at line 1357, we set a=1, m=1357,ii
and n=1813, so we are left with 11 “variables’ (b, c, ...I) which are al positive, integral, non-zero
andin ascending order. Thebasic 9 repetitionsrecorded by Crawford are concerned with differences
between these values. For reference and completion the full table of differencesis presented in
Table 1, “Difference Table".

"Theinclusion of the capital at line 1357 in the treatment is discussed in alater section Appendix B, The Decorated Capital
at Line 1357.
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Table 1. Difference Table

(b-3)

124

(c-a) | (c-b)

192 | 68

(d-a) | (d-b) | (d-¢)

248 | 124 | 56

(e-d) | (e-b) | (e-C) | (e-d)

344 | 220 | 152 | 96

(f-a) | (f-b) | (f-c) | (f-d) | (f-€)

484 | 360 | 292 | 236 | 140

(9-3) | (g-D) [(g-0) | (9-d) | (g-©) | (a-F)

556 | 432 | 364 | 308 | 212 | 72

(h-3) | (h-b) | (h-¢) | (h-d) | (h-€) | (h-f) | (h-Q)

600 | 476 | 408 | 352 | 256 | 116 | 44

(i-a) | (i-b) | (i-0) | (i-d) | (i-e) | (i-f) | (i-9) | (i-h)

688 | 564 | 496 | 440 | 344 | 204 | 132 | 88

(-3 | (G-b) [ (-9 |G-d)[G-© |G [G9 |G| (i)

780 | 656 | 588 | 532 | 436 | 296 | 224 | 180 | 92

(k-3) | (k-b) | (k-0) | (k-d) | (k-€) | (K-} | (k-Q) | (k-h) | (k-i) | (k-])

892 | 768 | 700 | 644 | 548 | 408 | 336 | 292 | 204 | 112

(-a | (-b) [ (-0) | (-d) | (-&) | (I-f) | (-9) | (-h) | (-0) | (1) | (I-k)

1156|1032| 964 | 908 | 812 | 672 | 600 | 556 | 468 | 376 | 264

(m-a) |(m-b) | (m-c) |(m-d) | (m-€) | (M-f) | (m-g) |(m-h) | (m-i) | (m+}) |(M-K) | (m-])

135612321164 1108|1012 | 872 | 800 | 756 | 668 | 576 | 464 | 200

(n-3) | (n-b) [ (n-¢) | (n=d) | (n-€) | (n-F) | (n-Q) | (n-h) | (n-i) | (N-]) | (N-K) | (1) |(n-m)

1812 1688|1620 | 1564 | 1468 | 1328 | 1256 | 1212 | 1124|1032 | 920 | 656 | 456
Ron Catterall
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Architectonics of Cleanness Revisited

The nine significant equalities of differences noted by Crawford, which imply the nested symmetries
she noted, can be presented in symbolic form.

(345-1)=(689-345)=344 easi-e =  -2*eH=a e (1)
(125-1)=(249-125)=124 basd-b =  -2*btd=a e 2
(689-485)=(893-689)=204 i-f=k-i =  £-2%i+k=0 3)
(601-1)=(1157-557)=600 hasl-g = -ghtl=a . (4)
(557-1)=(1157-601)=556 gasl-h = -ghtl=a ... (5)
(1157-125)=(1813-781)=1032  I-b=nj =  Dbjd=-n .. (6)
(781-125)=(1813-1157)=656 j-b=n-l =  bjl=n ... 0
(601-193)=(893-485)=408 h-c=kf = cf-htk=0 . (8)
(485-193)=(893-601)=292) f-c=k-h =  cf-htk=0 ... (9)

Simple manipulation of the symbols as above shows that three of them, (5), (7), and (9), are
identical with (4), (6), and (8), and thusthere are only six independent rel ations between the symbols:
(1), (2. (3). (4), (6), and (8).

In addition to the nine equalities listed above Crawford also noted that there were two instances
where one difference was a simple multiple of another. First of al she noted that (h-c) (=408) is
exactly twice (i-f) (=204), and also that (k-i) (=204, equation 3) is adjacent to (i-f). Symbolically
this can be represented by

(-H+(k-)=(hc) = cf-htk=0 .. (10)

Clearly the condition (10) isidentical to (8) and represents no additional information.

Crawford also noted that (I-b)=(n-j)=1032 isexactly threetimes (e-a)=(i-€)=344. Againwe express
this symbolically.

3*(e-a)=(I-b) =  -b-3Fetl=3*a ... (11
3*(e-a)=(n-j) =  +3*etj=n+3*a 2 ... (12
3*(i-e)=(I-b) =  -b+3*e3J*i+l=0 (13
3*(i-e)=(n+j) =  -3Fe+3Fi+j=n ... (14
add1land13 =  -2*b-3*i+2*|=-3*a  ....... (15)
add12and14 =  -3*i-2*j=-2*n-3*a ... (16)
sub 16 from15 = -2*p+2*j+2*|=2*n ... a7
Ron Catterall 8
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Architectonics of Cleanness Revisited

Relations (12) and (14) do not add any information, the identity (n-j)=(I-b) isgivenin (6). We now
also seethat (17) isidentical with (6) multiplied by -2. Again there is no additional information
and we are till left with six linear equations which are linearly independent in eleven variables, a
clear indication that multiple solutions are possible, i.e. there are likely to be many combinations
of b, c, ... | that satisfy all the eleven criteriarecorded by Crawford.

We now investigate these other possible combinations of positions of the decorated capitals. First
a unique solution would require a set of eleven equations which would be expressed by the matrix
equation

Where A isamatrix of eleven columns of the eleven coefficients of b, c, ... | in eleven equations
represented by the eleven rows, and x isacolumn vector of solutionswith eleven rows corresponding
to the values of the variablesb, c, ... | to bedetermined. Cisthe vector of €leven constants formed
by re-arranging the equations to put the constants on the right hand side. In this case a set of unique
line positions can be found from the product of the inverse of the matrix A (A™}) and the constant
vector, C.

The claim that the location of the capitalsin Cleanness is unique rests upon a supposition that the
eleven relations noted by Ms Crawford are linearly independent. Unfortunately we have just
demonstrated that these eleven relations are not linearly independent: there are only six independent
relations, the other five can be inferred logically from the six. Although we cannot proceed by
simple inversion of the matrix A, we can proceed to define a set of solutions, X. First we re-write
equations (1), (2), (3), (4), (6), and (8) to replace the constants a and n by their values.

2xeti=-1 L 19
2*p+d=-1 (2)
f-2*i+k=0 ... (3)
-g-h+=-1 (4)
b-j-1=-1813 ... (6"
cf-htk=0 ... (8)
Ron Catterall 9
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Architectonics of Cleanness Revisited

Thusthe matrix A is

Table 2. Coefficient matrix - 6 equations 11 variables

000-20001000
201000000000
A={0 0001 00-2010
0000O0-1-1000 1
1 0000000-10 -1
0100-10-10010
and the constant vector C is
Table 3. Vector of constants
-1
-1
C = 0
-1
-1813
0

Thisisthe matrix representation of an under-determined set of six consistent linear equationsin
M=11 unknowns. Whentherank, R, of the matrix A islessthan eleven, thereisat |east one solution
vector (X) together with aset of M-R linearly independent vectors U4, U,, ... Uy,.r, and the general
solution is given by the vector X plus any linear combination of all the vectorsU. There are no
other solutions.

Ron Catterall 10
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Architectonics of Cleanness Revisited

Firstly, using standard techniques (described with worked examples by Pennington [PENNING-
TONG65]) we note that the rank of A is 6 and we solve the matrix equation to obtain X and a set of
five U vectors. Now we can write the general solution as

Table 4. General Solution fitting all 11 Criteria, 6 equations

b 05 0 .05 0 0 0
c -1 0 -1 1 0
d 0 -1 0 0 0
e 05 0 -0.25 -0.25 0
f 0 0 0 -1 0 0
g| = 1 [+C*| 1 |+C*| 0 |+Cg*| 0 |+C*| 0 |+Ce*|-1
h 0 -1 0 0 0 0
i 0 0 0 .05 .05 0
i 18135 0 -0.5 1
k 0 0 0 -1 0
| 0 0 0 0 -1

Asasimpleillustration of this general solution we set C;=-601, C,=-249, C5=-485, C,=-893,
Cs=-1157, we obtain the compl ete solution as observed in Cleanness. b=125, c=193, d=249, e=345,
f=485, g=557, h=601, i=689, =781, k=893, and 1=1157. We only need to specify five constantsto
determine not only the positions of all eleven decorated capitalsin Cleanness but the observed
multiples as well.

In the present situation we need to restrict our interest to those solutions which generate a solution
set of integral values: decorated capitals only occur at the start of aline; so we need to show that
such integral solutions do exist."' Note that the five C; constants are in fact the negative of line po-

iiiMany non-integral solutions do exist which also satisfy all the eleven criterialisted by Crawford. For example:

Ron Catterall 11
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Architectonics of Cleanness Revisited

sitionsfor 5 of the decorated capitals, but the ordering does not haveto beincreasing. The complexity
of the eleven relations among eleven capital locations noted by Crawford has been reduced to a
choice of only fiveline numbers; all the othersfall into place automatically. In Section 4, “ Results”
we explore the range of acceptable sets of line positions for decorated capitals which meet al the
criterianoted by Crawford.

Ron Catterall 12
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4. Results

Clearly there are an infinite number of possible solutions, all conforming to the scheme of capitals
in Cleanness because the choice of valuesfor C; ... Cgisunlimited. However, many of these
solutions, although conforming to all eleven constraints, are unacceptable. For example, setting
C,=-0.1, C,=-0.2, C5=-0.3, C4=-0.4, and C5=+0.5 yield the sequence b=0.6, c=0, d=0.2, e=0.675,
f=0.3,0=0.4, h=0.1,i=0.35,j=1814.1, k=0.4, and |=-0.5 which is clearly inapplicabl e to the placement
of decorated capitals at the start of linesin the poem. If we eliminate all solutionswhich contain
non-integral, zero, or negative values, and insist that the sequence increases monotonically from
|eft to right.

a<b<c<d<e<f<g<h<i<j<k<|<m<n

where a=1, m=1357, and |=1813, we ensure afinite set of solutions. However, for example, setting
C,=-251, C,=-488, C3=-604, C,=-894, and Cs=-1160 yields the sequence b=126, c=198, d=251,
e=346, f=488, g=557, h=604, i=691, |]=779, k=894, and |=1160, which fulfillsall the eleven require-
mentslisted by Crawford, but differsfrom thelocation of the capitalsin Cleanness. Thisis sufficient
to demonstrate that this restricted set contains more than one acceptabl e solution.

Our aims now arefirstly, to determinejust how many acceptable solutionsthere arein thisrestricted
set, and, more importantly, just how likely isit to hit upon an acceptable solution purely by chance.
Of course setting C;=-601, C,=-249, C5;=-485, C,=-893, C5=-1157, negatives of five capital locations
in Cleanness, necessarily produces a single solution which is the whole range of decorated capitals
in the poem. We now definea (5 dimensional) spaceto search in termsof asingle parameter, “ delta
(8)” which restrictsthe above coefficients, C, etc, to beintegral valuesvarying between C+6. Thus
for =1 the position of these five capitals could be moved oneline backwards or forwards, 3 possib-
ilitiesfor eachin all. Appliedto al five coefficients there are 243 different possible combinations,
asolution space given by 3 raised to the power 5. The size of the solution space grows rapidly with
increasing delta, for $=20 there is a space of 115,856,201 possible solutions. The smallest gap
between decorated capitals in the poem is the 44 lines between the capitals at line 556 (g) and 600
(), so we set an upper limit of 20 on deltato restrict solutions to the ordering requirement above."
For delta>13 we do get alittle re-ordering of two pairs of lines (29 in fact for $=14), but we reject
these solutions. The total numbers of completely acceptable results are shown in the Table 5,
“Solution Space for §=+0-20" and Figure 1, “ Counts of Integral Solutions for deltafrom 1 to 20".

VWhile this places arestriction on the positions of the five capitals determined by the constants, the other capital positions
are freer to wander. For example, for §=5, in the extreme case, the capital at line position 129 only varies by +2 (123-127),
but the capital at 193 varies between +15 (178-208). See Figure 2, “ Distribution of Counts of Integral Solutions for =5".
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Table 5. Solution Space for 6=+0-20

delta® NSEITS;;)J size of space® |successrate’
0 1 1 100.000
1 27 243 11.111
2 525 3,125 16.800
3 1911 16,807 11.370
4 8,505 59,049 14.403
5 18,755 161,051 11.645
6 50,869 371,293 13.701
7 89,775 759,375 11.822
8 189,873 1,419,857 13.373
9 295,659 2,476,099 11.941
10 538,461 4,084,101 13.184
11 773,927 6,436,343 12.024
12 1,275,625 9,765,625 13.062
13 1,734,291 14,348,907 12.087
14 2,661,736 20,511,149 12.977
15 3,466,537 28,629,151 12.108
20 | 14,029,763 | 115,856,201 12.110

adeltais the maximum variation about each of the positions of the decorated capitalsin Cleanness. E.g. for §=3, the position
of the capital at line 557 can vary between lines 554 and 560. When §=0 thisforces an exact agreement of the single solution
with the values found in Cleanness.

®The number of solutions conforming to the 11 primary criterialisted by Crawford[CRAWFORD93] These are restricted
to solutions with integral line numbers, and the many solutions with non-integral line numbers, negative or zero values, or
increasing from b to | are all excluded.

“The size of the space searched for solutionsis (2*delta+1)**5. E.g. for delta=3, (2* §+1)=7 and the space searched is
7**5=16807.

The percentage of the space searched that resultsin afit to the 11 criteriaincluding the additional constraints. The odds
against picking any particular solution by chance is given bythe reciprocal of the average of these percentages multiplied
by 100. E.g. For an average of 12%, the odds are 8 to 1 against placing the capitals at these positions purely by chance.

Ron Catterall 14
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Figure 1. Counts of Integral Solutionsfor deltafrom 1to 20
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The abscissaisthe value of delta. The ordinate is the size of the solution space.

With over fourteen million acceptable solutions resulting from moving decorated capitals up to
twenty lines backwards or forwards it is clear that the positions seen in Cleanness are by no means
unigue. Moreimportantly, the success rate converges to about 12% or only about 8 to 1 against
meeting all the requirements by chance alone - seeinsert on thefigure. The possibility of choosing
a solution which meets all the requirements listed by Crawford by chance aloneis very little less
than rolling asix with adie: a 16.7% chance of arandom success, or 6 to 1 against.

One might perhaps suspect that despite the high number of possibilities, there could be some tendency
to favour locations for a decorated capital. To investigate this alittle, we determined the counts for
each line position that occurred for arange of £5. The resultsin Figure 2, “Distribution of Counts
of Integral Solutions for 6=5" show that capitals at 345 and 689 are strongly favoured, and there is
clearly strong correlation between pairs of lines at 485 and 893, 601 and 1157, and 125 and 249.

It is perhaps interesting that there are no possibilities for decorated capitals at even-numbered lines
near 249 and 689.
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Figure 2. Distribution of Counts of Integral Solutionsfor 8=5
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Architectonics of Cleanness Revisited

If weallow alittle text-related choice by the scribe, say the capital at line 601 which both Spearing,
and Andrew and Waldron, agree correspondsto the start of an important textual passage (601-1048),
then the odds against locating the other decorated capitals purely by chance is, rather surprisingly,
unchanged. Fixing h=601 does reduce the number of possible solutions, but the percentage of in-
tegral solutionsis exactly the same. If instead we agree that the scribe could have aso located the
capital at line 249 (d) introducing the passage 249-544 recognised by both authorities, then the odds
are reduced to exactly 3to 1 for a space of §=1. Although fixing both d=249 and h=601 produces
fewer solutions (9,261), the percentage of integral solutionsisthe same asfor fixing d=249 aone.
theresults are presented in Table 6, “ Percentages of integral, non-negative and non-zero solutions’.

Table 6. Percentages of integral, non-negative and non-zer o solutions

Unrestricted fix d=249 fix h=601 fix d=249 and h=601
) Number ) Number ) Number )
delta| Number of | % integ- % integ- % integ- % integ-
i of solu- of solu- of solu-
solutions ral . ral ) ral ) ral
tions tions tions
243 11.11 81 33.33 81 11.11 27 33.33

3,125 16.80 625 28.00 625 16.80 125 28.00
16,807 11.37 2,401 26.53 2,401 11.37 343 26.53
59,049 14.40 6,561 25.93 6,561 14.40 729 25.93

161,051 11.65 14,641 25.62 14,641 11.65 729 25.62
10 | 4,084,101 13.18 | 194481 | 25.17 | 194,481 | 13.18 9,261 25.17

ga| | W[ N[ PP

So far we have allowed all capital line positions to vary by the same amount, $=1,2 ... 20. For
completion we looked at varying each of the five constants independently and in groups of two,
three, and four. Fixing h=601, f=485, k=893, and 1=1157, but allowing d to vary as 249+2 produces
five solutions, all of which areintegral, 100% success. Fixing h, d, f, and k but allowing 1=1157+2
also resultsin 100% success. Fixing d=249, h=601, and |=1157 and allowing (separately) either
f=485+2 or k=893+2 produces in both cases a single integral result identical with the valuesin
Cleanness. Allowing both f and k to vary together, but fixing the others, isalso effectiveinincreasing
the number of valid integral solutions, suggesting a strong correl ation between the values of f and
k. See Table 7, “Integral Solutions for delta=5 applied to Individual Constants’.
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Table 7. Integral Solutionsfor delta=5 applied to Individual Constants

h=601|d=249 | f=485 |k=893|I=1157 gzﬂ instoelir_a'
deltal|delta2|delta3|deltad|detas tions | tions

> oo o] o 5 3
ol 20 o] o 5 5
ol o 20 o 5 1
ol o | o] 2o 5 1
ol o | o] o] 2 5 5
> 2 oo o] 2 | 15
> o 20 o] = 5
> oo 2] 0] = 5
> oo o] 2] | =
o | 220 o] 2 3
o | 2o 2] 0] 2

o| 20| o] 2] 2 | 15
ol o | 2] 2] 0] = 7
0| o | 2 | 0| 2| 25 | =
ol o | o] 2| 2] = 5
> 2 20 o] 15| 15
> [ 2 o | 2] 0| 15| 15
> [ 2] 0o o] 2| 15 15
> o] 2210 15| 35
> o | 2 0] 2] 15| =
> oo 2] 2] 15| =
o | 2220 1| 2«
o | 2| 2] 0o 2] 15| 15
o | 20| 2] 2] 15| 15
o | o | 2] 2] 2] 15| 3
> [ 2 2 21 o] 5 | 105
> [ 2] 20 2| es | 15
> 2 o] 2] 2 | 65| 15
>l o | 2| 2| 2 | 65 | 175
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2‘2|625|105
2‘2|3125|525

This pairwise correlation of the total counts for each variation of line position is aso shown in
Figure 2, “Distribution of Counts of Integral Solutions for §=5" for all the integral solutions for
d=5. The correlations between pairs of line positions are clearly evident from the shapes of the
distribution patterns: 125 and 249, 485 and 892, 601 and 1157, and, 345 and 689.

It is becoming very hard to deny that the complete sequence of decorated capitals could have been
achieved purely by chance. Indeed the comment by Spearing that “| think that the scribe used
decorated initials with intelligence, but somewhat freely and without making a very close study of
the parts into which the poemfalls’ seems particularly apt.
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5. Integral Ratios of Differences

5.1. Integral Ratios of Differences in Cleanness

The analysis by Crawford was based upon the differences between the line positions of the capitals
in Cleanness (relations (1) to (9). For example (h-¢)=408 and(k-f)=408. The analysiswas further
extended to include two ratios of differences which were described as multiples: (k-f)=(h-c)=408
istwice (k-1)=(i-f)=204 and (I-b)=(n-})=1032 is three times (e-a)=(i-€)=344. These we expressed
symbolically inrelations (10) and (11), where they were shown to contribute no further information.
Relations (10) and (11) above are but two particular examples of the general case where ratios of
differences are small integers (2 and 3 respectively). There are 4,095 unique ratios between the
differencesin Cleanness Table 1, “ Difference Table”, but only 83 of these are integer ratios. These
arelisted in Table 8, “Integral ratios of differences for Cleanness’. Of these, 29 are very high
multiples (greater than 5) and might possibly be ignored, whilst the 9 that have aratio of 1 have
already been coveredinrelations (1) to (9). Theremaining 45 areratios between 2 and 5inclusively,
and could possibly contribute more information. Although the two ratios noted by Crawford can
be derived from the six primary relations, many of theseintegral ratios cannot. For example, adding
the set of four below (chosen almost at random from the 45 to include 10 of the 11 variables) to the
basic six ratiosequal to 1

(k)=2*(d-c) = 2*c-2*dj+k=0 . (18)
()=3*(G-g) = f-3*g+3*j-1=0 ... (19)
(-0)=4*(d-b) =  4b-c-ddH=0 ... (20)
(k-C)=5*(f-6) = c-5*e+5*f-k=0 ... (21)

givesriseto aperfectly acceptable solution, identical with the values observed in Cleanness. Redu-
cing the number of added equations to two gives the expected increase in the number of solutions.
Furthermore, replacing all of therelations (1), (2), (3), (4), (6), and (8) with high integral ratio rela
tions produces exactly the same results asthe basic six. Thisishardly surprising as the difference
table Table 1, “ Difference Table” isbuilt out of the positions of the capitalsin Cleannessand includes
al the original eleven relations noted by Crawford as a subset.
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Table 8. Integral ratios of differencesfor Cleanness

(d-b)=124/(b-a)=124 ratio=1
(i-)=344/(e-a)=344 ratio=1
(k-f)=408/(h-c)=408 ratio=1
(k-h)=292/(f-c)=292 ratio=1
(k-i)=204/(i-f)=204 ratio=1
(I-g)=600/(h-a)=600 ratio=1
(I-h)=556/(g-a)=556 ratio=1
(n-j)=1032/(1-b)=1032 ratio=1
(n-1)=656/(j-b)=656 ratio=1
(c-8)=192/(e-d)=96 ratio=2
(d-8)=248/(b-a)=124 ratio=2
(d-8)=248/(d-b)=124 ratio=2
(f-b)=360/(j-h)=180 ratio=2
(h-c)=408/(i-f)=204 ratio=2
(h-c)=408/(k-i)=204 ratio=2
(i-a)=688/(e-a)=344 ratio=2
(i-a)=688/(i-€)=344 ratio=2
(i-c)=496/(d-a)=248 ratio=2
(i-d)=440/(e-b)=220 ratio=2
(i-h)=88 /(h-g)=44 ratio=2
(j-9)=224/(k-j)=112 ratio=2
(k-f)=408/(i-f)=204 ratio=2
(k-f)=408/(k-i)=204 ratio=2
(k-j)=112/(d-c)=56 ratio=2
(1-f)=672/(k-g)=336 ratio=2
(I-k)=264/(i-g)=132 ratio=2
(m-f)=872/(j-€)=436 ratio=2
(h-a)=600/(m-1)=200 ratio=3

(i-f)=204/(c-b)=68 ratio=3
(i-g)=132/(h-g)=44 ratio=3
(k-b)=768/(h-€)=256 ratio=3
(k-0)=336/(k-j)=112 ratio=3
(k-1)=204/(c-b)=68 ratio=3
(I-b)=1032/(e-a)=344 ratio=3
(I-b)=1032/(i-€)=344 ratio=3
(I-f)=672/(j-g)=224 ratio=3
(1-g)=600/(m-1)=200 ratio=3
(I-k)=264/(i-h)=88 ratio=3
(m-j)=576/(c-a)=192 ratio=3
(n-})=1032/(e-a)=344 ratio=3
(n-})=1032/(i-e)=344 ratio=3
(n-m)=456/(e-c)=152 ratio=3
(h-d)=352/(i-h)=88 ratio=4
(i-c)=496/(b-a)=124 ratio=4
(i-c)=496/(d-b)=124 ratio=4
(j-g)=224/(d-c)=56 ratio=4
(k-b)=768/(c-a)=192 ratio=4
(m-b)=1232/(g-d)=308 ratio=4
(m-g)=800/(m-1)=200 ratio=4
(m-k)=464/(h-f)=116 ratio=4
(e-b)=220/(h-g)=44 ratio=5
(f-b)=360/(g-f)=72 ratio=5
(i-d)=440/(i-h)=88 ratio=5
(k-c)=700/(f-€)=140 ratio=5
(g-b)=432/(g-f)=72 ratio=6
(h-¢)=408/(c-b)=68 ratio=6

(k-f)=408/(c-b)=68 ratio=6
(k-g)=336/(d-c)=56 ratio=6
(1-f)=672/(k-})=112 ratio=6
(I-k)=264/(h-g)=44 ratio=6
(m-j)=576/(e-d)=96 ratio=6
(9-d)=308/(h-g)=44 ratio=7
(h-b)=476/(c-b)=68 ratio=7
(k-d)=644/(j-1)=92 ratio=7
(I-e)=812/(h-f)=116 ratio=7
(1-f)=672/(e-d)=96 ratio=7
(h-d)=352/(h-g)=44 ratio=8
(k-b)=768/(e-d)=96 ratio=8
(m-j)=576/(g-f)=72 ratio=8
(n-c)=1620/(j-h)=180 ratio=9
(i-d)=440/(h-g)=44 ratio=10
(n-k)=920/(j-i)=92 ratio=10
(f-a)=484/(h-g)=44 ratio=11
(m-b)=1232/(k-j)=112 ratio=11
(m-e)=1012/(j-i)=92 ratio=11
(1-f)=672/(d-c)=56 ratio=12
(m-b)=1232/(i-h)=88 ratio=14
(I-a)=1156/(c-b)=68 ratio=17
(n-d)=1564/(j-1)=92 ratio=17
(m-b)=1232/(d-c)=56 ratio=22
(m-e)=1012/(h-g)=44 ratio=23
(n-d)=1564/(c-b)=68 ratio=23
(m-b)=1232/(h-g)=44 ratio=28
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Architectonics of Cleanness Revisited

If we select six of the ratios greater than or equal to ten, involving some of the set of variablesb, c,
... | and possibly the constants a=1 and n=1813, but never m=1357, we have another set of six
equationsin eleven variables

(n-d)=23*(c-b) =  23*b-23*c-d=-n ... (22)
(n-d)=17*(j-i) = 23*b-23*c-d=n ... (23)
(I-a)=17*(c-b) = -17*b+l17*cl=a ... (24)
(-f)=12*(d-c) =  12*c-12*d-f+I=0 ... (25)
(f-a)=11*(h-q) =  f-11*g+1ll*h=-a  ....... (26)
(n-k)=10*(j-i) = 10*i-10*j-k=-n ... (27)

which gives aresult identical to that of the initial set of six relations, (1), (2), (3), (4), (6), and (8),
but | serioudly doubt if anyone would claim that the Gawain-Poet designed a frame for Cleanness
involving high ratios such as (n-d)=23*(c-b) of (22). Out of the set of 83 integral ratios, any set of
12 (96,851,050,940,000 of them!) producesthe exact distribution of capitalsin Cleanness. Choosing
aset of any 6 (377,447,148 of them!) produces exactly the same results as choosing relations (1),
(2, (3), (4), (6), and (8).

The question that now arises is “how much weight can we put on higher multiples of differences,
i.e. ratios greater than 17’. We have more than ample ratio relations to insist that the only, unique,
solution isthat in Cleanness. In effect, if we were to allow the use of higher multiples, we would
be asking “how many times can the exact sequence 1, 125, 193, 249, 345, 485, 557, 601, 689, 781,
893, 1157, 1357, 1813 occur”. Not surprisingly the answer is“only once”. We are faced with a
choice, either the sequence in Cleanness is absolutely unique (as Crawford claimed) or we cannot
use integral ratios greater than 1 (equalities) without over-determining the solution. To accept all
83integral ratios as definitive impliesthat they must have been explicitly designed in by the Gawain-
Poet. This extent of design work is hardly feasible, and we prefer to reject all ratios greater than 1.

5.2. Integral Ratios of Differences in an Expanded
Space

If we extend the treatment of integral ratios of differences to the fourteen million other solutions
we found in Table 5, “ Solution Space for §=+0-20", we see that there are always sufficient higher
ratiostoinsist that each of the solutionsis unique and conforms equally well to the eleven Crawford
criteria. The inference must be that unless we insist that relations such as (n-d)=23*(c-b) of (22)
are vital to the structure of Cleanness, then we are not justified in using ratios greater than one.
Intuitively this appearsreasonable. However, looking at the other poemsin the Nero A.x manuscript
for amoment, there are 21 decorated capitalsin Pearl equally spaced at intervals of 60 lines 1, 61,
121, ... 841 with adlight hiccup at section XV, 913 to 961 then 1033, 1093, 1153. In addition to
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these decorated capital sthere occurs asmall, slanting double line in the left hand margin at the start
of every group of twelvelines, dividing each 60-line sectioninto 5 stanzas of 12 lineseach. Although
the Gawain-Poet might have insisted on a discipline of repetition of groups of 12 lines (stanzas)
within the 20 sections of 60 lines each (except the anomalous XV which contains 6 12-line stanzas),
thereisno sign of decorated capitalsevery 12 lines (to make aratio of 60/12=5.) He never attempted
to introduce sections de-marked by decorated capitals of exactly double or triple length (and why
would he want to do such athing anyway?). Similarly, in Cleanness, thereisthe same evidencein
the Nero A.x manuscript that Cleanness has a quatrain structure with marginal marks every four
lines, and some editors have presented the poem with this quatrain structure emphasised.((ANDER-
SON77] Theleft margin marks appear again in Patience every four linesand in Sr Gawain and
the Green Knight at the first long line following the rhyming wheel, introducing sections varying
in length form 12 lines (20-31) to 25 lines (536-560). It isalso feasible that these marginal marks
were simply atallying method used by the scribe and not a structure integral to the poems. Even
if we were to accept these marginal marks as defining higher ratios, they only very rarely coincide
with the decorated capitalsin any of the poems

My inclination isto ignore any integral ratios greater than 1. Theratio 1 relations clearly de-mark
sections of the poem (whether intentionally or not), but multiple relationships do not have any ob-
vious purpose. Why should the Gawain-Poet have wanted the section (k-f)=408 to be exactly twice
aslong as (k-i)=204, what purpose could it serve, and what meaning might it have in atextual or
symbolic context? We remain convinced that only of aset of five constantsis necessary to completely
define the eleven criterialisted by Crawford.
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6. The Golden Ratio

We now consider the two relations noted by Crawford, the approximate equality of the ratios of
differences between line positions to the Golden Ratio (g-a)/(e-a)[{v5+1)/2=1.618033989 and the
function (b-a)/(h-a)[{v2-1)/2=0.207106781. We will refer to the latter asthe “root 2 function”
where R2f. So far we have been dealing with integers where any decisions are clear-cut, either (k-
h) isequal to (f-c) or it is not, and for all the fourteen million solutions we found (k-h) does equal
(f-c) exactly. However we noted in the previous section that only 83 of the 4,095 ratios are integral,
and the remaining 4,012 ratios are non-integral. Crawford proposed that two of these non-integral
but rational ratios were of major significance to the structure of the poem, and indeed were the ones
that defined the geometrical structure attributed to Cleanness. The Golden Ratio was apparently
first defined by Euclid in Book V1 of the“Elements’ and was used in the construction of the regular
pentagon.” Thevalue of theirrational Golden Ratio isthe positive root, x=(1+v5)/2 of the quadratic
equation x?-x-1=0 and takes the approximate value of 1.6180339887.. M Crawford chose the neg-
ative root, x=(1-v5)/2, of the quadratic, ignored the negative sign, and gave the value of the Golden
Ratio as (V5-1)/2=0.618"". Noting that the ratio of (e-a)=344 and (g-a)=556 (0.618705036) is close
to the reciprocal of the Golden Ratio (0.618033989), Crawford proposed that the Golden Ratio is
an important feature of the structure of Cleanness. Similarly she noted that the ratio of (b-a)=124
and (h-a)=600 (0.206666667)is close to (vV2-1)/2=0.207106781, and that the square root of two is
the length of the diagonal of aunit square. With these two ratios established, together with the sum
of 344 and 556 (900) she was able to derive a geometrical construction of the positions of all the
decorated capitalsin Cleanness. The construction was elegant and in the true Euclidean tradition
(and well worthy of praise and amedal from Euclid), but just as Euclid knew where he was going
in the construction of the pentagon, so Ms Crawford knew she was aiming at the positions of the
capitalsin Cleanness. The Gawain-Poet on the other hand, if he did design aframe for this poem,
was not working towards a known objective, and there is very little chance that he could have hit
upon this construction while driving blind.

Theratio 556/344 (1.61627907) is reminiscent of the Golden Ratio, but the critical point hereis“is
it close enough to be considered significant” or “how good is good enough”? Thishasto bea
matter of personal judgement, there is no objective criterion to insist that 1.61627907 and
1.618033989 are close enough (the difference is 0.001754919) to be considered equal."!' We need
to enquire how the frequency of occurrence of approximations to the Golden Ratio varies with ac-
curacy, and what level of precision we should require if we areto claim identity. We might also

VEuclid made no claim to have discovered the Golden Ratio, but his was the first formal definition as far aswe know. The
Golden Ratio also defines the pentagram which is so important in Sir Gawain and the Green Knight, a so by the author of
Cleanness, the Gawain-Poet.

ViThe value of the Golden Ratio has been calculated to at least 10 million decimal places, and Mario Livio [LIVIO02] p. 81
quotesit to 2,000 decimal places.

ViThe Golden Ratio is (V5+1)/2=1.618033989, it's reciprocal is 2/(vV5+1)=0.618033989. The negative root of the quadratic
equation x2-x-1=0 is x=(1-v5)/2=-0.618033989.

vilicrawford quoted the ratio 344/556 (=0.618705036) which looks alot closer to the reciprocal of the Golden Ratio,
0.618033989, (the difference is 0.000671047), but the relative accuracy in both casesis the same, 0.001085.
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note that both v5 and v2 areirrational numbers, and they also cannot be represented by the ratio of
any integers (they also caused much heart-searching among the Pythagoreans).

Thereareafew ways of introducing alittle objectivity into the decision about what is* good enough”.

* Do any other basic quantities (rt or V11 for example) occur with similar (or better) accuracy?

* Does the Golden Ratio occur elsawhere in Cleanness, possibly to higher accuracy than 556/3447?
* Do the Golden Ratio and the root 2 function occur in the other solutions?

» What is the textual or thematic significance of line 900 in Cleanness (the sum of the differences
556 and 344 whose ratio is supposedly close enough to the Golden Ratio)?

If we can answer “yes’ to the first three questions and find little significance in line 900, then our
confidencein theimportance of the Golden Ratio and the V2 function must be seriously diminished.
We now proceed to explore these questions.

In asearch for other “basic quantities’ thereis obviously much scope for bias and there is always
the danger of choosing one that fits best. Of the two noted by Crawford, one, the Golden Ratio, is
afundamental constant and the other, the root 2 function, includes the length of the diagonal of the
unit square. Taking asimilar path, we look for the even better known constant, i, and the length
of thediagonal of the unit cube, V3. The squareroot of 5 determinesthe Golden Ratio, so weinclude
V5in our search. To round out our search we include al the other irrational square roots up to 15,
noting that the square rots of 4, 9, and 16 have aready been found asintegral multiples or ratiosin
Table 8, “Integral ratiosof differencesfor Cleanness’. Perhapsof primary importanceisthe accuracy
with which aratio of integers approximates to the value of an irrational constant, and we explore
thisfirst for theratios of line positions of the capitalsin Cleanness which approximate to the Golden
Ratio and the root 2 function and various other constantsin Table 9, “ Dependence of the occurrences
of the Golden Ratio (GR), the root2 function (R2f), and other constants in Cleanness on therelative
accuracy (relacc) required for a successful test” below.

Table 9. Dependence of the occurrences of the Golden Ratio (GR), theroot2
function (R2f), and other constantsin Cleanness on the relative accuracy
(relacc) required for a successful test

relacc | GR |R2f | v2 | V3 | V5 | V6 | V7 | V8 |V10|V11|V12|V13|V14|V15
0.00005
0.00006
0.0001
0.0003
0.0005
0.0007
0.001
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0002 8 | 4 (12|11 (117 |7 |12 3|3 |5|5]|7]3
0003|149 |14(15|17|10|14 16| 5| 6 | 8| 9 |10| 4 |12
9
9

0004191120 (18 |18 |14 |19 |22 |14 |14| 10| 12| 15 18
0005|2411 2320|2618 |22 |23 |14|14|10| 12| 15 18
0007 | 34 |14 |36 |34 | 33|20 29|31 |21 |22 (23|19 |21 |17 | 283
0010 | 59 | 21 |49 |47 |51 | 30|40 |43 |27 |36 |31|24|30|31|30

At arelative accuracy of 0.0005 we find reasonable approximationsto v2, v3, V5, V6, V7, V8, V10,
V11, V12, V13, V14, V15, and =, but ho approximationsto either the Golden Ratio or the root 2
function so important to the geometrical interpretation of Crawford. We now extend the treatment
to the additional solutionswe found in the expanded spaces. In Table 10, “Acceptable Non-Intgral
Ratios as afunction of accuracy (relacc) and space (delta)” we explore the occurrence of approxim-
ationsto the Golden Ratio, theroot 2 function, V2, V3, V5, V11, and rt for spaces with line positions
expanded by +1 to 5 lines
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At arelative accuracy of 0.0001 (1E-4) we now find approximationsto almost everything, including
the Golden Ratio and the root 2 function. Asthe space is expanded we find increasingly better ap-
proximations to all the constants, but from +2 onwards the approximations to = and V11 become
significantly better than any of the other constants. For examplein the +5 space wefind 336 different
solutions all give approximations to « at arelative accuracy of 0.000001 (1E-6): all with (e-a)/(b-
a)=355/113=3.14159292iX instead of 1=3.141592654, a difference of only 0.000000267. For com-
parison, Crawford decided that (g-a)/(e-a)=556/344=1.61627907 was close enough to the Golden
Ratio, 1.618033989, a difference of 0.0017549 or arelative accuracy of 0.0010844, to be accepted
as agreement.

Crawford relied upon arelative accuracy of 0.001085 to claim that the Golden Ratio wasintentionally
built into the capitals of Cleanness, but where one draws the line that separates occurrence from
non-occurrence without any other evidence is purely subjective. Equating the ratio 556/344 with
the Golden Ratio forms the basis of the geometric structure proposed by Crawford: 900, the sum
of 556 (g-a) and 344 (e-a), is the critical dimension she proposed for the frame within which
Cleanness was composed. AsTable 11, “Highest accuracy of ratios of differences between theline
positions of the decorated capitalsin Cleanness which are equal to the values of variousirrational
constants.” shows, the ratio 1468 (n-€) to 908 (I-d) is a better approximation to the Golden Ratio,
but unfortunately for the geometric hypothesis the sum, 2376, lies outside the range of the poem.
Using the 556/344 ratio leads to the critical line 900 as the basis of Crawford’sframe for the poem.
Line 900 isaccorded no significance in the structuresidentified by Spearing, or Andrew and Waldron,
and lies within the instruction to Lot to flee from the destruction of Gomorrah.

‘Wyth py wyf & py wysez & py wlonc destters,

For welape pe, sir Loth, pat pou py lyf haue.
Cayretid of piskythe er combred pou worpe,

With ale pi here vpon haste, tyl pou ahil fynde; ...’

—The Gawain-Poet, Cleanness (899-902)

Surely if the Gawain-Poet placed any significance on (or was even aware of) the importance of line
900 to the structure of the poem, he would have insisted on a clear textual break and a decorated
capital at that point.

In Table 11, “Highest accuracy of ratios of differences between the line positions of the decorated
capitalsin Cleanness which are equal to the values of variousirrational constants.” we tested the
positions of the capitalsin Cleanness against a variety of other irrational constants, = and square
roots, and note the highest accuracy at which we can claim identity.

iXClearly 113 and 355 are outside the ranges of 125+5 and 34515 respectively, but the general solution derived in Section 4,
“Results’ set C;=-601, C,=-249, C5=-485, C,=-893, C5=-1157. In the space search, these constants were restricted to vary
by no more than +5, but this restriction did not apply to other line positions which can, and do, vary by considerably more
than +5.
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Only the highest relative accuracy for agreement isgiveninthetable. GR isthe Golden Ratio, (V5-
1)/2=1.618033989, R2f isthereciprocal (4.828427125) of theroot2 function ((vV2-1)/2=0.207106781)
and relacc isthe lowest rel ative accuracy found which leads to a successful test. The accuracy used
in the test is the product of relacc and the true value of the constant to alow valid comparisons
between tests of different constants. The tests are listed in order of decreasing accuracy: the best
agreement at the top of the table (V3, relacc= 0.00006, difference=0.00009205) is about 19 times
better than the agreement with the Golden Ratio used by Crawford (relacc=0.0011, differ-
ence=0.00175492).

The most obvious feature is that for an accuracy greater than 0.0011 one can claim agreement for
every constant we tested for, and that in every case the agreement is better than that for the Golden
Ratio and the root 2 function. With this evidence | believe we must have serious doubts that the
Golden Ratio and the root 2 function were built in deliberately to Cleanness. We might also note
that the sguare root of 784 (28, also an integer) occurs exactly in Cleanness, see Table 8, “Integral
ratios of differencesfor Cleanness’. Despite this exact agreement, | question whether the Gawain-
Poet deliberately planned that (m-b)=1232 should be exactly 28 times (h-g)=44. It appears that
there isahigh probability of finding almost any value, except the Golden Ratio and the root 2
function, integer, rational or irrational if oneis prepared to set the relative accuracy required to less
than 0.001085.
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Table 11. Highest accuracy of ratios of differences between the line positions
of the decor ated capitalsin Cleannesswhich are equal to the values of various
irrational constants.

test relacc
for? for 1st. detail°
find®
-0)=1164/(1-f)=672 ratio=1.732142
73 looooosa| (Mro)=1164/(1-)=672 ratio=1.73214286

V3=1.73205081 difference=0.00009205

(M-c)=1164/(k-g)=336 ratio=3.46428571
V12=3.46410162 difference=0.00018410

(m-k)=464/(b-a)=124 rati0=3.74193548
V14=3.74165739 difference=0.00027810

(k-€)=548/(e-c)=152 rati0=3.60526316
V13=3.60555128 difference=0.00028812

(m-¢)=1164/(i-d)=440 ratio=2.64545455
V7=2.64575131 difference=0.00029677

(j-b)=656/(m-k)=464 ratio=1.41379310
V2=1.41421356 difference=0.00042046

(n-8)=1812/(1-1)=468 ratio=3.87179487
V15=3.87298335 difference=0.00118847

(e-C)=152/(c-b)=68 ratio=2.23529412

V12 |0.000053

V14 |0.000074

V13 |0.000080

V7 |0.000112

v2 |0.000297

V15 |0.000307

Vo |0000348] o> 23606798 difference=0.00077386
@ |00z (T s a0 0012009
@ |00z o ieeco 0012009
o 000052 0 ot 0010507
VI 0000989 1173 parsifrmee-0 00155703
110 000475) 1 cor7r oo oors154s
8 |oooosss|  (r87600/(g-6)=212 ratio=2.83018868

V8=2.82842712 difference=0.00176155

(n-€)=1468/(1-d)=908 ratio=1.61674009
GR=1.61803399 difference=0.00129390

GRY |0.000800
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(M-k)=464/(e-d)=96 ratio=4.83333333
R2f 10.001015) ot 4 80842712 difference=0.00490621

2)=556/(e-8)=344 ratio=1.61627907
GR® |0.00108| (9@=556/(e-8)=344 ratio

GR=1.61803399 difference=0.00175492

#Theirrational constant against which the ratio of the integer line positionsin Cleanness was tested.

®The relative accuracy of thetest: “isthe absolute value of ratio-(test for) less than relacc* (test for)?’. Thisisthe smallest
value of relacc for which the test succeeds, i.e. the closest agreement between ratio and the constant.

“The differences and their values used to obtain the ratio, the value of the ratio, and the difference from the value tested for).

91468/908 is a better approximation (by about 26%) to the Golden Ratio than the 556/344 noted by Crawford. Unforunately
this better approximation does not have the sum of 900 so critical to the geometrical structure proposal.

®There are four identical occurrences of the ratio 556/344 used by Crawford: (g-a)/(e-a), (g-a)/(i-€), (I-h)/(e-a), and (I-h)/(i-
€). Only oneis quoted here, but it is completely immaterial which oneis used since g-a=I-h=556 (eg. 5) and e-a=i-e=344
(eg. 1).

We now consider solutions where the line positions differ from those in Cleanness. In Table 10,
“Acceptable Non-Intgral Ratios as a function of accuracy (relacc) and space (delta)” we give the
number of successful matches for avariety of constants for arange of relative accuracies from
0.000001 to 0.1 for solutionsin which theline positionswere alowed to vary by +1 from the positions
in Cleanness. Againwefind that several constants occur with an order of magnitude better agreement
than do the Golden Ratio and the root2 function. However we did find that The Golden Ratio and
the root2 function occurred with an order of magnitude better precision than they do in Cleanness.
Again we have increased our doubts about the importance of the Golden Ratio in the structure of
Cleanness.
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Table 12. Non-Integral Ratiosfor the Expanded Space delta=+1

relacc=| 0.000001 | 0.00001 | 0.0001 | 0.001 0.01 0.1
GR 0 0 6 126 1538 13610
R2f 0 0 1 67 602 6554
V2 0 6 7 103 1309 13941
V3 0 9 14 123 1319 13455
V5 0 0 7 188 1379 11611
V6 0 3 6 68 946 11204
V7 0 0 1 112 1111 10299
V8 0 6 6 95 1022 10274
V10 0 0 2 62 748 8994
V11 0 0 0 68 930 8754

I8 0 0 1 99 874 9047

Finally welook at solutionsin the expanded space up to £5 for avariety of constants and accuracies
in Table 10, “Acceptable Non-Intgral Ratios as a function of accuracy (relacc) and space (delta)”.
In the extreme case of +5 and arelative accuracy of 0.000001 we find about 6000 matches for both
n and V11, but no matches for either the Golden Ratio or the root2 function.

In conclusion, with the sum of all this evidence | think we must conclude firstly that meeting the
Crawford criteria by chance is not too improbable (possibly as low as 3 to 1 against a chance hap-
pening), and secondly, given that these criteria are met by chance, any ratios approximating to the
Golden Ratio or the root 2 function in Cleanness are purely matters of chance (and considerably
less likely to occur than 1), and cannot have been implemented by design. Thereis no serious
evidence for the tight geometric structure of Cleanness proposed by Crawford. The narrative
structures proposed by Spearing, and by Andrew and Walton, are well substantiated by the text and
afar more realistic approach to design by the Gawain-Poet.

*Perhaps it is worthwhile to note that the ratio 355/113=3.14159292 is very close to 1=3.1415926535, and that
1257/379=3.316622691 is very closeto v11=3.31662479. Againitisworth making the point that this very close agreement
in these two cases could never be claimed as evidence of intentional planning; the agreement arises solely because it so
happens that = and V11 can be approximated quite closely by ratios of relatively small integers.

Ron Catterall 32

http://www.renderx.com/


http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

Architectonics of Cleanness Revisited

7. Conclusions

We find that a set of five completely arbitrary constants, C,, C,, Cg, C, and Cs will generate an in-
finite number of solutions of locations for the decorated capitalsin Cleanness which al reproduce
all the equalities and symmetries noted by Crawford. However, only those resulting in integral line
numbers which are greater than zero, are no greater than 1813, and are in ascending order have any
meaning in Cleanness. Putting C;=-601, C,=-249, C5=-485, C,=-893 and C5=-1157 generates the
observed line positions of the 11 decorated capitalsin Cleanness. b=125, ¢=193, d=249, e=345,
f=485, g=557, h=601, i=689, =781, k=893 and 1=1157.

The assertion by Crawford, that the locations of the decorated capitalsis unique in the ability to
produce the equalities and symmetries she noted, is clearly in error: if we restrict our attention to
solutions for which the line positions do not vary by no more than £20 from the observed line posi-
tionsin Cleanness, we find there are over fourteen million sets of positions which reproduce the
criteriaexactly. In general we find that whatever range of variation we alow up to +20, thereisa
12% chance of hitting an acceptable solution (Table 5). The odds of locating the decorated capitals
so as to reproduce Crawford's criteria purely by chance are about 1 in 8. Not too different from
rolling adie.

The construction of the sequence of capitals proposed by Crawford is based upon the occurrence
of close approximationsto the Golden Ratio and the function of the squareroot of 2. It isimportant
to consider just how closeis 'close enough' to be considered significant. At arelative accuracy of
0.0005 we find reasonable approximations to the irrational constantsv2, v3, V5, v6, V7, V8, V10,
V11, V12, V13, v14, V15, and =, but ho approximationsto either the Golden Ratio or the function
of root 2 (Table 9). With these better, but obviously fortuitous, approximations to many other basic
constants, wefeel little or no significance can be attached to the poorer approximation to the Golden
Ratio and the function of the square root of 2.

We conclude that the equalities and symmetries noted by Crawford are probably no more than
chance events, and are not significantly related to the poem or the intentions of the Gawain-Poet.

Ron Catterall 33

http://www.renderx.com/


http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

Architectonics of Cleanness Revisited

A. Equalities between Sums of Differ-
ences

Two observations of equalitiesin the line positions which were not noted by Crawford stand out in
Table 1, “Difference Table’.

(c-a+(d-a)=(i-d =  -c-2*d+i=-2*xa ... 28
(e-b)+(h-g=(I-k) =  -b+tegth+k-I=O0 ... 29

The possibility arises that relations such as these could provide additional information about the
placement of the decorated capitalsin , although they are not past of the scheme proposed by
Crawford. On investigation we found that there are atotal of 246,221 such sums of two differences,
of which 844 show the same pattern of equality asrelations (28) and (29) above. Whether we should
consider any of these 844 relations as new information to the investigation of alternative line
placementsisamatter of judgement. It is certainly possibleto find far more than sufficient relations
between the differences between positions of the capitalsto reduce the search to “find meadll solutions
which areexactly the onewe seein”. The question becomesone of “wheredo we stop?’ My feeling
isthat these are hardly primary dataand are susceptibl e to fortuitous coincidence, but in Appendix B,
The Decorated Capital at Line 1357 we explore thisin more detail with particular regard to the
capital at line 3157 which did not appear in Crawfords primary analysis.
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B. The Decorated Capital at Line 1357

Surprisingly Crawford did not note any equalities or symmetriesinvolving the last decorated capital
in Cleanness at line 1357, and only incorporated this line position into her geometric schemein a
rather convoluted manner:

1. If (g-a)/(e-a)=556/344=1.61627907 is close enough to the Golden Ratio (1.618033989), then
344 isto 556 as 556 is to 900.

2. Given 900, construct a 900x900 square and divide it into 9 equal squares 300x300.

3. Thediagonal of a 344x300 rectangle is 456.4383858 which is near enough to 456.

4. Add 456 to 900 to get 1356 which is the number of lines preceding the decorated capital at line
1357.

It might seem far simpler to relate m=1357 to the other capitals using integral ratios, although these
must all involveratiosgreater than one, relationswe rejected earlier. However, relaxing thisrejection,
we find seven such relations relating the capital at line 1357 to the others.

(n-m)=3*(e-c) = 3*c-3*em=-n ... (30)
(m-b)=4*(g-d) = b-4*d+4*g-m=0 ... (31)
(m-f)=2*(j-€) = 2*ef-2*j+m=0 ... (32
(m-j)=3*(c-a) = -3*¢c-jtm=-3*a ... (33)
(m-k)=4* (h-f) = 4*f-4*h-k+m=0 ... (34)
(h-a)=3*(m-I) = -h-3*1+3*m=a ... (35)
(I-9)=3*(m-I) = -g+4*1-3*m=0 ... (36)

If we build an extended coefficient and vector matrix out of relations (1), (2), (3), (4), (6), (8), (28),
(29), (30), (31), (32), (33), (34), (35), and (36) we now have asystem of 15 equationsin 12 variables
(b,c,...m) which is over-determined and will only produce a unique solution identical with the pos-
itions of the capitalsin Cleanness.
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Thus the matrix A is now

Table B.1. Coefficient matrix - 15 equationsin 12 variables

© 0o oo o ooo T T Adddomd
©O O 0o d 9 oo 9 o o o o o @ %_
O 0O 4 0O 0o 4 0o d o o o o 9 o o
O O O o 9 o o o o o N 9 o o o
" o N o 0o o 4 O 0O O o o o o o
o o o Y o 9 o4 o o o o ¥ 9 o
© o o 9 o o o g o o o o o o
O O 4 0 o v o o o o 9 o <« o o
N ©o 0o o o oo 4 ®" o O o o o
O 4 0o o o o N o oYY o o o o o
O O O O O d T o m o o M o o -«
o ¥ o o 4 o o 9 o4 o o o o o

Il

<
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and the constant vector C is now

Table B.2. Vector of constants

Using this system of linear equations we can now investigate how the number of solutions varies
with the number of equations, the number of unknowns, and the spaceto be searched. Thisisshown
in Table B.3, “Integral solutions as a function of number of equations and number of variables’.
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TableB.3. Integral solutionsasafunction of number of equationsand number
of variables

delta® 6 11° 711 8 11 912 | 1012 |11 12|12 12
1 27/243° /81 1/27 1/27 19 | v3 | 11
2 525/3125 45/625 3/125 1125 | Y25 | U5 | 11
3 1911/16807 133/2401 5/343 3343 | 149 | v7 | 11
4 8505/59049 47716561 15/729 | 3/729 | 18l | 19 | 11
5 18755/161051 869/14641 | 25/1331 | 7/1331 | 1/121 | V11 | 111
7 89775/759375 2085/50625 | 63/3375 | 21/3375 | 1/225 | 1/15 | 1/1
10 | 538461/4084101 | 12789/194481 | 197/9261 | 51/9261 | 1/441 | 1/21 | 1/1
15 | 3466537/28629151 | 56017/923521 | 575/29791 |179/29791| 7/961 | 1/31 | 1/1
20 |14029763/115856201 |181261/2825761 | 1419/68921 |369/68921| 9/1681 | 1/41 | 1/1

delta is the maximum allowed variation on the line position in Cleanness. +3 allows the capital to move by plus or minus
3 lines - aspace of 7 possibilities

b6_11 means 6 equationsin 11 variables

€27/243 means 27 solutions found in a space of 243.

Asthe spaceisincreased, the number of solutionsincreases. Asthe number of equationsisincreased,
the number of solutions decreases. Asthe number of variables increases, the number of solutions
increases. There aways comes a point when we can force a unique and exact agreement with the
line positions of the decorated capitalsin Cleanness, but thisisatautology, thisisthe answer | want,
findit for me. Asawell-known statistician once said “if you torture the numbers long enough they
will eventually give you the answer you want”.

| believe we should exclude relations (30), (31). (32), (33), (34), (35), and (36) on the grounds dis-
cussed earlier in Section 5.1, “ Integral Ratios of Differencesin Cleanness’. There arejust too many
higher integral ratios, and some at least can be derived from ratios of unity. | also believe we are
not justified in including relations (28) and (29), they could well be simple coincidences. So we
areleft with theintegral relations noted by Crawford, but excluding the non-integral ratios supposedly
close to the Golden Ratio and the root 2 function, and with these alone we have found some 14
million equally good solutionsthat satisfy the eleven (reduced to only six) relationsfor thelocations
of the decorated capitals.
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C. Computer Codes
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Theresults reported in this paper were obtained using ten separate computer codes. Copies of these
are available on request from ron@catterall.net. The codes are listed below in Table C.1, “Program
Codes used in thiswork” with some limited description.

The codes were written in standard Perl and run on Perl version 5.8.6 (patched) on a Power PC G4
Macintosh with MaC Os X 10.4.11, and on Perl version 5.12.3 running on Cygwin 1.7.9-1 on
Windows 7 (64bit). The coding has been kept as simple as possible without reliance on the many
short-cut variables provided by Perl. Thereis no dependence on libraries available from CPAN,
and any standard Perl implementation will suffice. Some of the numerical routines (standard matrix
algebra) are direct trandations from FORTRAN and the style shows their age, but they are well
tested and fast. The logic of the programs should be easy to follow, they and should run on almost
any platform.

In brief, the programs of the form'lineq_6_11 5.pl' perform the primary search for solutions. In
this case for 6 equations describing 11 variables with avariation (delta) of 5. The primary output
iswritten to afile linegoutput_6 11 5.txt' which is human readable.

The other programs read this output file and produce reports, for example the program ‘count’ pro-
duces afile, 'count_output_6 11 5.txt', containing the counts of the number of times a decorated
capital is placed at each line number - the datain Figure 2, “ Distribution of Counts of Integral
Solutions for 6=5".

The numbers of the equations (6), variables (11) and delta (5) in the example above can be easily
changed at the start of the program. Beware though, the files can be large with hundreds of millions
of records.

C.1.

Table C.1. Program Codes used in thiswork

Progragm Description

Determinethe rank of amatrix. This codeisbuilt into thelineg

marank
codes

lineg 6 11 |The basic codeto solve for the 11 relations noted by Crawford
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lineq 6 _10d As6-11, but fix d=249
lineq 6 _10h As6_11, but fix h=601
lineq_6_9dh As6_11, but fix d=249 and h=601
check Check output fromlineq_6_11 against Crawford'srelations and

also look for and remove any line order reversals at high delta.

count Count total occurrences of each line number
rats Integral ratios in Cleanness
mrats Explore all possible ratios of 2 line positions against many
constants
pirats Detailed exploration of the occurrence of rt
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